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The physical meaning of the so-called effective pairs which have been introduced recently within the
formalism of pair population analysis is discussed using the analysis of conditional probabilities of
electron density distribution for electron 1 with the reference electron fixed in a certain point 2. It is
demonstrated that from the point of view of the mutual coupling of electron motions, the effective
pairs behave analogously to singlet pairs. Based on this finding, effective pairs can be interpreted as
the fraction of singlet pairs that is directly involved in bonding.

The existence and stability of molecular species is, to considerable extent, conditional
on the existence of relatively strong attractive forces between the constituent atoms.
Such forces possess some specific properties such as saturation, relatively strict direc-
tionality and space localization as well as approximate transferability, which enabled
additivity schemes to be set up for various molecular properties. Generalization of the
idea of exclusive interatomic interactions with the above specific properties has led to
the introduction of one of the most fertile chemical concepts – the concept of the
chemical bond.

Because of the immense debt which chemistry owes to this concept, a lot of effort
was devoted to the elucidation of the nature of the chemical bond1. A fundamental
contribution in this respect is due to Lewis2, whose idea of the chemical bond as a
shared electron pair was a major step forward in the rationalization and understanding
of the chemical structure, and this success gave it the force of a law. This is perhaps
why this idea survived the advent of quantum mechanics with its concept of the delo-
calized wave function and why a number of studies were aimed at reconciliating the
more fundamental quantum description with the qualitative but highly appealing Lewis
model3–31. The first attempt was based on the concept of the so-called localized orbitals
formed from canonical orbitals, resulting from the solution of the Hartree–Fock equa-
tions, by unitary transformations according to various criteria3–11. Although such orbi-
tals usually correspond quite well to the classical picture of localized chemical bonds,
this approach cannot be regarded as completely satisfactory: in fact, because of their
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one-electron nature, the localized orbitals are unable to say anything about the role of
electron pairs in bonding. The simplest quantity bearing information about the pair
behaviour is the so-called pair density32,33, by means of which the problem of the
chemical bond has been analyzed in various studies20–24,29. In addition to related earlier
studies of various authors34–36, this problem has also been addressed in our previous
study37 in which a new methodology for the analysis of the pair density based on the
idea of Mulliken population analysis was introduced.

Using this approach we were able to demonstrate that properly defined pair popula-
tions open an extremely clear and simple way to reproducing the classical structural
formula. The fundamental role in this respect is played by the so-called effective pair
populations, defined as the difference between singlet and (one-third) triplet pair popu-
lations. In spite of their rather speculative definition, the effective pair populations
display various important properties associated usually with chemical bonds (approxi-
mate transferability, proportionality to the multiplicity of the bond, compatibility with
the valence concept38).

Our aim in this study is to pursue the results of our previous studied in this field37,39–41

and to analyze the physical meaning of effective pairs in more detail.

THEORETICAL

Although the basics of the pair population analysis underlying the concept of effective
pairs have been described in previous studies37,40, we consider it appropriate to reca-
pitulate briefly at least some basic concepts to the extent necessary for the purpose of
this study.

The (spinless) pair density ρ(1,2) is generally defined by Eq. (1) as a diagonal el-
ement of the second order density matrix ρ(1,2,1′,2′)

ρ(1,2) = 
N (N − 1)

2 ∫Φ2dσ1dσ2…dσNdr3dr4…drN   , (1)

where N is the number of electrons and dσi, drj denote the volume elements of the spin
and space coordinates of electrons i and j, respectively.

This general definition can be written in the following form:

ρ(1,2) = ∑ 
αβγδ

Ωαβγδ χα(1)χβ(1)χγ(2)χδ(2)   . (2)

In the SCF approximation, the four-index matrix Ω can be expressed in terms of
matrix elements of the conventional charge density–bond order matrix,
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Ωαβγδ = 
1
2∑ 

αβ
∑ 
γδ




pαβ pγδ − 

1
2

 pαγ pβδ



   . (3)

As demonstrated in our previous study37, more convenient than the usual expansion of
the pair density in the basis of atomic orbitals (Eq. (2)) is the alternative expansion in
the basis of two-electron functions, geminals,

ρ(1,2) = ∑ 
αβ

Γαβλα(1,2) λβ(1,2)   . (4)

The advantage of this alternative transcription is in the fact that in this case, the pair
density has the conventional two-index matrix form similar to the first order density
matrix in the basis of orbitals. This allows us to make use of the analogy with the
well-known Mulliken population analysis42 and to introduce pair density population
analysis based on dividing the expression Tr(ΓΣ), which gives the total number of elec-
tron pairs (N(N − 1)/2), into the mono- and biatomic contributions,

TrΓΣ = ∑Γαβ
αβ

Σβα   , (5a)

Σβα = ∫ λα(1,2) λβ(1,2)dr1dr2   , (5b)

TrΓΣ = ∑ΠAA
A

 + ∑ΠAB
A<B

   . (5c)

In view of the fact that in the geminal pair density expansion the matrix Γ has a special
block diagonal form corresponding to the contributions of the singlet and triplet pairs
(Eq. 6), the individual mono- and biatomic populations in Eq. (5c) can be further de-
composed into contributions from the separate singlet and triplet pairs,

Γ = Γ(s) ⊕  Γ(t)   . (6)

Such a decomposition was performed both for a simpler case where the geminal basis
is orthogonal and for the general case of a nonorthogonal basis. The corresponding
relations can be found in refs37,41, where we have demonstrated that the crucial role in
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the practical application of the proposed population analysis is played by the so-called
effective pair populations defined by the following expressions*

ΠAA
eff  = ΠAA

(s)  − 
1
3

 ΠAA
(t) (7a)

ΠAB
eff  = ΠAB

(s)  − 
1
3

 ΠAB
(t)    . (7b)

Although such a definition seems to be rather speculative at first sight, the effective
pair populations prove to be very useful because it is just their values that remarkably
correspond to the classical picture of molecular structure represented by the structural
formula. This correspondence arises from the fact that the values of biatomic effective
populations ΠAB

eff , which characterize the probability of finding the (effective) electron
pair between the atoms A,B, attain nonzero values only between atoms joined by a
formal bond in the structural formula, whereas their values are negligible between non-
bonded atoms. Moreover, where the effective populations indicate the presence of a
bond, the corresponding contributions are virtually independent of the type of the
bonded atoms and, rather than on the nature of the bonded atoms, depend on the multi-
plicity of the bond. Thus, the values for all single bonds, for instance, are close to 0.5,
whereas the populations for double and triple bonds are close to 1 and 1.5, respectively.

Another important feature justifying the introduction of effective pair populations is
that for a given type of bond, their values are proportional to the experimental bond
energies37 and, also, that they are simply related to the concept of quantum chemical
valence38. So we can see that the effective population values remarkably reflect many
of the attributes which are usually connected with chemical bonds. This intuitive paral-
lel is additionally supported by the interesting normalization condition (8), according to
which the sum of all effective pair populations is equal to N/2, which is just the number
of bonds plus free electron pairs available for a molecule with N valence electrons:

∑ 
A

ΠAA
eff  + ∑ 

A<B

ΠAB
eff  = 

N
2

   . (8)
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Our aim in this study is to pursue the above parallel and to analyze the possible
relation of effective pairs to chemical bonds in more detail. Main attention will be
concentrated on the analysis of effective pairs from the point of view of the mutual
coupling of electron motions.

Underlying our analysis is the transcription of the well-known expression dividing
the pair density into contributions from electroms with parallel and antiparallel
spins22,43,

ρ(1,2) = ραα(1,2) + ραβ(1,2)   . (9)

In our case, this separation is written in the alternative form (10), where the individ-
ual terms correspond to contributions of the spin pure singlet and triplet states of the
electron pair,

ρ(1,2) = ρ(s)(1,2) + ρ(t)(1,2)   . (10)

In the case where the pair density is derived from the one-determinantal wave func-
tion, the corresponding contributions are given by Eqs (11)

ρ(s)(1,2) = 
1
8

 ρ(1) ρ(2) + 
1
8

 ρ1
2(1,2)   , (11a)

ρ(t)(1,2) = 
3
8

 ρ(1) ρ(2) − 
3
8

 ρ1
2(1,2)   , (11b)

where ρ(1) and ρ1
2(1,2) are the diagonal and nondiagonal elements of the conventional

first order density matrix, defined by Eqs (12):

ρ(1) = 2 ∑ 
i

occ

ϕi
2(1)   , (12a)

ρ1(1,2) = 2 ∑ 
i

occ

ϕi(1) ϕi(2)   . (12b)

Based on Eqs (11a) and (11b), the effective pair density is
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ρeff(1,2) = ρ(s)(1,2) − 
1
3

 ρ(t)(1,2) = 
1
4

 ρ1
2(1,2)   . (13)

The following analysis of the correlation behavior of singlet, triplet and effective pairs
is based on the analogy with the analysis which is based on expansion (9). Such ana-
lysis has been thoroughly discussed in refs37,43. The well-known fact that only electrons
with parallel spins are correlated in this case (Fermi correlation) whereas electrons with
opposite spins are entirely independent, is physically reflected in expressions (14a) and
(14b):

∫ ραα(1,2)dr1

1
2

 ρ(2)
 − 

1
2

 ∫ ρ(1)dr1 = −1   , (14a)

∫ ραβ(1,2)dr1

1
2

 ρ(2)
 − 

1
2

 ∫ ρ(1)dr1 = 0   . (14b)

If the procedure used in deriving the above expressions is applied to the expansion (10),
the following equations result:

∫ ρ(t)(1,2)dr1

3
4

 ρ(2)
 − 

1
2

 ∫ ρ(1)dr1 = −1   , (15a)

∫ ρ(s)(1,2)dr1

1
4

 ρ(2)
 − 

1
2

 ∫ ρ(1)dr1 = +1   , (15b)

∫ ρeff(1,2)dr1

1
2

 ρ(2)
 = +1   . (15c)

This is a very interesting result. First, triplet pairs are correlated in exactly the same
way as the pairs described by the density ραα(1,2) (Fermi correlation). This is quite
natural, since – apart from the unimportant numerical factor (1/8 instead of 1/4) – the
expressions for ραα(1,2) and ρ(t)(1,2) are identical. The above parallel, however, does
not hold for electrons with opposite spins since, in contrast to the independence of the
electron pair described by the pair density ραβ(1,2), the spin pure singlet pairs are
coupled and the nature of this coupling is completely opposite to the coupling of triplet
pairs. The same coupling then holds, on the basis of Eq. (15), also for effective pairs.
The parallel between the mutual coupling of singlet and effective pairs is very import-
ant. In fact, within the framework of the VB method, the existence of stable chemical
bonds is connected with singlet electron pairs, and so the introduction of effective pairs
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in pair population analysis can seem to violate the VB model. The above parallel be-
tween effective and singlet pairs thus partly solves the problem. The parallel between
singlet and effective pairs has some additional interesting consequences. First, since the
total number of electron pairs is a sum of singlet and triplet pairs only (Eq. (16)), the
effective pairs are nothing else but a certain subset of the whole set of singlet pairs,

Ntot = 
N (N − 1)

2
 = N(s) + N(t)   . (16)

The rationale behind the exclusion of effective pairs from the whole set of singlet pairs
is that the number of singlet pairs (N(N + 2)/8) is, except for N = 2, higher than the
number of available bonds and free pairs, and so it is clear that only part of them can
participate in the formation of the bonds. The introduction of effective pairs thus only
reflects this necessity to separate from the whole set of singlet pairs that part which
actively participates in bonding, and effective pairs are thus nothing else but this cer-
tain, specifically excluded subset of singlet pairs. The above parallel between the effec-
tive pairs and chemical bonds can also be quite convincingly demonstrated by the
analysis of conditional probabilities of finding electron 1 at point r1 with the reference
electron 2 fixed at point r2. These probabilities are given by Eqs (17a) – (17c) and their
graphical visualisation for the molecules of N2 and H2O are presented in Figs 1 – 6.

P(t)(1) = 
ρ(t)(1,2)
3
4

 ρ(2)
 = 

1
2

 ρ(1) − 
ρ1

2(1,2)
2ρ(2) (17a)

P(s)(1) = 
ρ(s)(1,2)
1
2

 ρ(2)
 = 

1
2

 ρ(1) + 
ρ1

2(1,2)
2ρ(2) (17b)

Peff(1) = 
ρeff(1,2)
1
2

 ρ(2)
 = 

ρ1
2(1,2)
4ρ(2) (17c)

The quantities required were generated by conventional ab initio calculations using the
GAUSSIAN-92 series of programs44. Because of the model nature of this study, the
calculations were performed in the minimal STO-3G basis set.

RESULTS AND DISCUSSION

Let us discuss the main conclusions resulting from the corresponding figures, first for
the case of the N2 molecule. The resulting cuts of conditional probabilities for singlet,
triplet and effective pairs in a plane containing the two nuclei are shown in Figs 1, 2 and 3,
respectively. In all cases the reference electron was fixed in the centre of the N≡N
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FIG. 3
Conditional effective pair probability Peff(1) of
finding electron 1 in a plane containing both
nuclei in N2 with the reference electron 2 lo-
calized in the middle of the N≡N bond

FIG. 4
Total electron density ρ(1) in a plane contain-
ing both nuclei in N2
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y, a.u.

0.0      2.0      4.0         6.0x, a.u. 0.0      2.0      4.0         6.0x, a.u.
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FIG. 1
Conditional probability P(s)(1) of finding elec-
tron 1 in a plane containing both nuclei in the N2

molecule with the singlet paired reference elec-
tron 2 localized in the middle of the N≡N bond

FIG. 2
Conditional probability P(t)(1) of finding elec-
tron 1 in a plane containing both nuclei in N2

with the triplet paired reference electron 2 lo-
calized in the middle of the N≡N bond
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bond. The analogous cut of the total electron density ρ(1) is shown in Fig. 4. The
simplest situation is in the case of triplet pairs, where Fig. 2 clearly demonstrates that
if the reference electron is fixed in a certain point (in the middle of the bond in our
case), the probability of finding the other electron in the vicinity of the reference point
is strongly reduced. This result thus nicely documents the effect of Fermi correlation.
On the other hand, the analogous Fig. 1 for singlet pairs suggests that the probability of
finding electron 1 in the vicinity of reference electron 2 is increased. This increase is
due to the presence of the non-negative term whose presence, as can be seen from Eq.
(17b), contributes to the accumulation of electron density over the value given by the
simple electron density ρ(1) (see Fig. 4 for a comparison). The isolated additional term
which corresponds to effective pairs is then shown in Fig. 3. As can be seen from this
figure, the probability of finding electron 1 in the vicinity of the reference electron is
again increased, hence the corresponding “effective” pair, strongly localized between
the atoms, corresponds quite well with the classical Lewis idea of the bond as a shared
electron pair.

A similar result confirming the effect of Fermi correlation for triplet pairs as well as
the electron density accumulation in the vicinity of the reference electron for singlet
and effective pairs is also observed for the H2O molecule. Figures 5 – 7 display the cuts
of the conditional probabilities (17a) – (17c) in the plane of the molecule. Since our
interest was mainly concentrated on the OH bonds, the reference electron was fixed in

0.0      2.0      4.0         6.0 0.0      2.0      4.0         6.0x, a.u. x, a.u.

3.0

y, a.u.

6.06.0

y, a.u.

3.0

FIG. 5
Conditional probability P(s)(1) of finding elec-
tron 1 in the plane containing the nuclei of the
H2O molecule with the singlet paired reference
electron 2 localized in the middle of the right
O−H bond

FIG. 6
Conditional probability P(t) of finding electron
1 in the plane containing the nuclei in H2O
with the triplet paired reference electron 2 lo-
calized in the middle of the right O−H bond
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the centre of one of these bonds. Actually, the choice of the position of the reference
electron is quite arbitrary and an alternative point, such as the Bader’s critical point on
the bond path45, would also be a feasible choice. Since, however, our calculations gave
evidence that the resulting picture of the conditional probabilities is rather insensitive
to the precise position of the reference electron (unless its position exceeds certain
limits), we confined ourselves to the situation where the critical point is in the centre of
the O−H1 bond. From among the results shown in Figs 5 – 7, the case of triplet pairs is
worth mentioning (Fig. 6): if the reference electron is placed in the centre of one of the
OH bonds, the probability of the other electron being found in the region of that bond
is strongly reduced and this electron is predominantly localized in the region of the
other O−H bond. This result is very interesting since it agrees well with the conclusions
of the classical study by Lennard-Jones30, according to which the maximum probability
of finding two electrons with parallel spins is localized on axes directed to the corners
of a tetrahedron. After demonstration of the effect of Fermi correlation on the triplet
pair distribution, it is useful to analyze the conditional probabilities for singlet and
effective pairs as well. The resulting picture is shown in Figs 5 and 7. Parallel to what
was found for N2, a net increase in the accumulation of electron density in the vicinity
of the reference electron is observed.

CONCLUSIONS

The physical meaning of the concept of effective pairs introduced previously was ana-
lyzed by separating the pair densities into contributions of the singlet and triplet pairs.
It is shown that from the point of view of the mutual coupling of electron motions, the
effective pairs behave analogously to singlet pairs and actually correspond to the frac-
tion of singlet pairs actively engaged in the formation of bonds. In this study, the for-

6.0

y, a.u.

3.0

0.0      2.0      4.0         6.0x, a.u.

FIG. 7
Conditional effective pair probability Peff(1) of
finding electron 1 in the plane containing the nu-
clei in H2O with the reference electron 2 localized
in the middle of the right O−H bond
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malism used was only formulated for the simplest SCF approximation, but generaliza-
tion to correlated wave functions is also possible. Such generalizations are being cur-
rently studied in our laboratory and the results will be presented.
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